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CREPANT RESOLUTIONS OF WEIERSTRASS THREEFOLDS
AND NON-KODAIRA FIBRES
ANDREA CATTANEO
Abstract. In this paper we want to study the non-Kodaira fibres in a smooth
equidimensional elliptic threefold. If the morphism to the Weierstrass model
of the fibration is crepant, then we can locate the non-Kodaira fibres and give
a description of their structure. In particular, they lie over the singular points
of the (reduced) discriminant of the fibration and are contraction of a Kodaira
fibre, whose type can be predicted using Tate’s algorithm.
Introduction
The study of elliptic fibrations, i.e. morphisms pi : X −→ B whose generic fibre
is an elliptic curve, dates back to Kodaira’s paper [Kod63], where one can find a
detailed description of elliptic surfaces. Since then, the case of elliptic surfaces has
been a benchmark for generalizations to higher dimension. Much of what is true
for surfaces generalizes to the higher dimensional case, but many of these results
are weaker: for example, what is true punctually on the base curve in the case of
surfaces becomes true only for the generic point of each irreducible component of a
suitable codimension 1 locus for higher dimensional varieties.
An important result of Kodaira is the classification of the singular fibres which can
occur in a minimal elliptic surface (cf. [Kod63, Thm. 6.2]), which we call Kodaira
fibres. In this case there is a generalization to the higher dimensional case, and
Kodaira’s classification works over the generic point of each irreducible component
of the discriminant locus of the fibration, but there appear also new non-Kodaira
fibres: see e.g. [Mir89], [GM03] or the more recent [CCvG11], [EY13] and [EFY].
Despite the great abundance of examples of non-Kodaira fibres in the previous
papers, less is known on their structure and a complete classification is still far
away. In this paper we will show that for the elliptic fibrations which are crepant
resolutions of their Weierstrass model there is still a link with the Kodaira fibres:
in this case the non-Kodaira fibres are contraction of Kodaira fibres, a fact which
was pointed out by Miranda in some particular case in [Mir83, §14].
The structure of the paper is as follows: in Section 1 and Section 2 we will recall
the basic definitions and facts concerning the theory of singularities and elliptic
fibrations respectively which will be used in the subsequent Sections. These two
Sections are mainly expository, and we use them for references to keep this paper as
self-contained as possible. Our main references are [Rei80], [Rei83], [Rei87], [KM98]
for Section 1 and [Nak88], [Mir89], [Mir83] for Section 2.
2010 Mathematics Subject Classification. Primary 14J30; Secondary 14J17, 14E15.
Key words and phrases. Elliptic fibrations, elliptic threefolds, non-Kodaira fibres, crepant
resolutions.
The author is granted with a research fellowship by Istituto Nazionale di Alta Matematica
INdAM, and is supported by the Project PRIN “Varieta` reali e complesse: geometria, topologia
e analisi armonica”, by the Project FIRB “Geometria Differenziale e Teoria Geometrica delle
Funzioni”, and by GNSAGA of INdAM. He wants to gratefully acknowledge all the people who
helped him during the preparation of this paper, in particular M. Esole, M. Mella and B. van
Geemen for interesting discussions and comments.
1
ar
X
iv
:1
30
7.
79
97
v2
  [
ma
th.
AG
]  
28
 O
ct 
20
15
2 ANDREA CATTANEO
In Section 3 we will address to the main topic of this paper: the study of the
structure of non-Kodaira fibres in a smooth equidimensional elliptic threefold which
is a crepant resolution of its Weierstrass model. As it will be explained in the
introduction of Section 3, this is a class of threefolds it is quite natural to deal with,
especially in some application. Our main Theorem (Theorem 3.9) gives a partial
classification of non-Kodaira fibres of a smooth equidimensional elliptic threefold
in the context of biregular geometry:
Theorem. Let pi : X −→ B be a smooth equidimensional elliptic threefold, with
morphism to the Weierstrass model f : X −→ W . If f is a crepant resolution of
W , then
(1) W has only cDV singularities;
(2) f can not be factored as
X
ϕ   
f // W
X ′
f ′
==
where ϕ is the contraction of some divisor D ⊆ X and X ′ is smooth;
(3) if Xb is a non-Kodaira fibre, then b ∈ Sing(∆(pi)red);
(4) if Xb is a non-Kodaira fibre, then Xb is a contraction of a Kodaira fibre,
whose type can be determined by Tate’s algorithm.
In [Mir83], Miranda gave a classification of all the possible non-Kodaira fibres of a
smooth equidimensional elliptic threefold up to birational isomorphisms. Our main
Theorem is compatible with Miranda’s results (cf. [Mir83, §14]). The birational
geometry of equidimensional elliptic threefolds was studied also in [Gra95].
Finally, in Section 4 we will give some examples, some of which were the original
motivation for this paper.
Notations & Conventions. Through all the paper, we will use the following
notations.
(1) All the varieties are defined over C.
(2) We will use a solid arrow Y −→ X to denote morphisms of varieties, and
a dashed arrow Y 99K X to denote rational maps. Hence, a birational
morphism is a morphism Y −→ X which need not to be an isomorphism,
but which has a birational inverse X 99K Y .
(3) For an elliptic fibration (see Definition 2.1) pi : X −→ B, we will always
assume that B is smooth, and we will mainly be interested in the case
where X is smooth as well. We will slightly abuse the notation saying that
an elliptic fibration pi : X −→ B is smooth or singular if its total space X
is.
(4) Given a vector bundle V over B, we will denote by P(V) the projective
bundle of lines in V.
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1. Gorenstein and canonical singularities
In this Section we will recall some definitions and results from singularity the-
ory, in particular the definitions and properties of rational Gorenstein singularities
(Section 1.1) and of canonical singularities (Section 1.2). Finally, we will recall
some useful facts on threefolds with cDV singularities and their resolutions (Sec-
tion 1.2.2) which will be used in Section 3.
We start recalling the definition of Gorenstein varieties, which is the class of
varieties we will deal with.
Definition 1.1. Let X be a projective variety. We say that X is Gorenstein if it is
Cohen–Macaulay, and its dualizing sheaf ωX is locally free, i.e. it is a line bundle.
In terms of a canonical Weil divisor KX for X, the condition that ωX is locally
free is equivalent to the condition that KX is a Cartier divisor.
Example 1.2. Let X be a smooth variety, and Y ⊆ X a complete intersection.
Then Y is Gorenstein, since it is Cohen–Macaulay by [AK70, Cor. III.4.5] and ωY
is a line bundle by [Har77, Thm. III.7.11].
We will make a frequent use of the following definitions from singularity theory.
Definition 1.3. Let X and Y be varieties with X normal, and f : Y −→ X a
morphism.
(1) We say that f is a partial resolution if it is a proper birational morphism,
with Y normal.
(2) We say that f is a resolution of X if f is a partial resolution with Y
smooth. If X is singular, a resolution of X is called also a resolution of the
singularities.
(3) If f is a partial resolution, we say that it is crepant if f∗ωX = ωY .
(4) The exceptional locus Exc f of a birational morphism f is the (closed) subset
of points y ∈ Y where f is not an isomorphism at f(y). If f is a partial
resolution, we say that it is small if Exc f has codimension at least 2 in Y .
(5) If f is a resolution, we say that it is minimal if any other resolution f ′ :
Y ′ −→ X of X factors through f .
1.1. Rational Gorenstein singularities. Now we want to address our attention
to the singularities of Gorenstein varieties: the idea is that since they are close to
smooth varieties, their singularities should be mild.
Definition 1.4 (cf. [Rei80, Def. 2.4]). Let X be a Gorenstein variety. We say that
X has rational Gorenstein singularities if there exists a resolution f : Y −→ X of
X such that f∗ωY = ωX .
We say that P ∈ X is an elliptic Gorenstein singularity if there exists a resolution
f : Y −→ X such that f∗ωY = IP · ωX , where IP is the ideal sheaf defining P .
Such singularities were studied in [Rei80, §2], where the following Proposition is
proved.
Proposition 1.5 (cf. [Rei80, Thm. 2.6]). Let X be an n-dimensional Gorenstein
variety, with n ≥ 2, and P ∈ X.
(1) If P is a rational Gorenstein point, then for a general hyperplane section
H through P , P ∈ H is elliptic or rational Gorenstein.
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(2) If there exists a hyperplane section H through P such that P ∈ H is a
rational Gorenstein singularity, then P ∈ X is a rational Gorenstein sin-
gularity.
In the rest of this Section we want to give some examples of such singularities,
in particular when X is a surface or a threefold.
Example 1.6 (Rational Gorenstein surface singularities). Let X be a projective
surface and P ∈ X be a point. Then the following are equivalent (cf. [Dur79]):
(1) P is a rational Gorenstein singularity.
(2) There exists a resolution of singularities f : Y −→ X which is crepant in a
neighbourhood of P .
(3) In a neighbourhood of P we have that X is analytically isomorphic to a
Du Val singularity, i.e. one of the hypersurface singularities of A3 defined
by f(x, y, z) = 0, where f is an equation from Table 1.
Table 1: List of Du Val singularities
Name Equation
An x
2 + y2 + zn+1 (n ≥ 1)
Dn x
2 + y2z + zn−1 (n ≥ 4)
E6 x
2 + y3 + z4
E7 x
2 + y3 + yz3
E8 x
2 + y3 + z5
The names of the Du Val singularities refer to the Dynkin diagrams. In fact in
the minimal resolution of a Du Val singularity, the exceptional divisors have the
corresponding Dynkin diagram as incidence graph. The minimal resolution of a Du
Val singularity can be obtained by a sequence of blow ups in the singular points,
which ends as soon as the blown up surface becomes smooth. The exceptional
curves introduced are all (−2)-curves.
Example 1.7 (Elliptic Gorenstein surface singularities). Let P be an elliptic
Gorenstein singularity of the surface X, and denote by f : Y −→ X its mini-
mal resolution. Then f−1(P ) = ∪mi=1Ai, and we can associate to f a (unique) cycle
Z in Y which is effective, satisfies Z · Ai ≤ 0 for all i = 1, . . . ,m and which is
minimal with respect to these two properties. Such a cycle is called the fundamen-
tal cycle of f , and can be computed as follows (compare [Lau77, p. 1259]): start
with Z1 = Ai1 arbitrary, and then define inductively Zj = Zj−1 + Aij such that
Aij ·Zj−1 > 0 until we end with Z = Zl. The integer k = −Z2 is a useful invariant
of the elliptic Gorenstein surface singularity (cf. [Rei80, Prop. 2.9]). Not all the
exceptional curves introduced are (−2)-curves.
It follows from Proposition 1.5 that the singularities we will now define are
threefold rational Gorenstein singularities.
Definition 1.8. Let X be a Gorenstein threefold and P ∈ X. If the general surface
through P has a rational singularity in P , i.e. a Du Val singularity, then we say
that P ∈ X is a compound Du Val singularity, or cDV singularity for short.
In this case, in a suitable neighbourhood of P , we can see X as a deformation
of a Du Val singularity: the definition is equivalent (cf. [Rei80, Def. 2.1]) to ask
that around P the variety X is locally analytically isomorphic to the hypersurface
singularity in A4 given by
f(x, y, z) + t · g(x, y, z, t) = 0,
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where f(x, y, z) = 0 defines a Du Val singularity (see Table 1). Observe also that
while Du Val singularities are isolated, cDV singularities can be isolated or not.
If instead the general surface through P has an elliptic Gorenstein surface singu-
larity, we can use the invariant k introduced in Example 1.7 to classify them. We
can summarize the classification in the following Proposition:
Proposition 1.9 (cf. [Rei80, Cor. 2.10]). To a rational Gorenstein threefold sin-
gularity P ∈ X one can attach an integer k ≥ 0 such that
(1) k = 0 if P is a cDV singularity;
(2) k ≥ 1 if the general surface H through P has an elliptic Gorenstein singu-
larity whose fundamental cycle has self-intersection −k (cf. Example 1.7).
In particular, if k = 1 then P ∈ X is locally analytically isomorphic to the singu-
larity in A4 defined by
y2 = x3 + f1(s, t)x+ f2(s, t)
where f1 is a sum of monomials of degree at least 4 and f2 is a sum of monomials
of degree at least 6.
1.2. Canonical singularities. In this Section we will recall the definition of canon-
ical singularities and some of their properties. Then we will focus on the link
between canonical and cDV singularities in the case of threefolds.
Definition 1.10 (cf. [Rei87, Def. 1.1]). Let X be a (quasi-)projective normal va-
riety. We say that X has canonical singularities if
(1) there exists an integer r ≥ 1 such that the Weil divisor rKX is Cartier;
(2) there exists a resolution f : Y −→ X such that
rKY = f
∗(rKX) +
∑
aiEi, ai ≥ 0,
where r is as in point (1) and {Ei} is the family of all the irreducible
exceptional divisors of f .
We say that X has terminal singularities if there exists a resolution of X as above,
such that {Ei} 6= ∅ and ai > 0 for every exceptional divisor Ei.
For a point P ∈ X, the smallest r for which point (1) holds in a neighbourhood
of P is called the index of P in X. A divisor Ei for which ai = 0 is called a crepant
divisor, the others are called discrepant (cf. with Definition 1.3).
Proposition 1.11 (cf. [Rei83, Cor. 1.11]). On a threefold, the singularities of cDV
type are canonical (and of index 1).
Proof. By definition, a variety is Cohen–Macaulay and canonical of index 1 if and
only if it has rational Gorenstein singularities. Then the result follows since cDV
singularities are threefold rational Gorenstein singularities (cf. Proposition 1.5). 
Proposition 1.12 (cf. [Rei83, Cor. 1.12]). Let X be a Gorenstein threefold with
rational singularities. If f : Y −→ X is a resolution of X such that dim f−1(P ) ≤ 1
for all P ∈ X, then the singularities of X are of cDV type.
Proof. Since X is Gorenstein with rational singularities, then X has canonical sin-
gularities of index 1. In [KM98, Thm. 5.35] it is shown that if X is a threefold with
canonical singularities of index 1 and P ∈ X is a singular point, then the following
are equivalent:
(1) the general hypersurface section P ∈ H ⊆ X is an elliptic singularity;
(2) if g : X ′ −→ X is any resolution of singularities then there is a crepant
divisor E ⊆ g−1(P ).
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Let P ∈ X be a singular point. Since dim f−1(P ) ≤ 1, there is no divisor in f−1(P )
and so the general hypersurface section through P is not an elliptic singularity.
Then the general hypersurface section through P must have a rational (i.e. Du Val)
singularity according to Proposition 1.5, which proves that P is cDV . 
1.2.1. Crepant resolutions. In this Section we want to give some properties of
crepant resolutions. In the following (in particular in Section 3) we will deal with
such resolutions, so we collect here the basic results we will use.
Lemma 1.13. Let X be a normal Gorenstein variety and f : Y −→ X a resolution.
If D ⊆ Exc f is an irreducible component such that f(D)∩ (X rSingX) 6= ∅, then
D is a discrepant divisor.
Proof. For the generic y ∈ D, i.e. y ∈ D r f−1(SingX), we have that f(y) ∈
X r SingX. It follows from [Kaw84, Prop. 5.8] that then D has codimension 1 in
Y . To prove that D is discrepant, let y ∈ D be generic as above and x = f(y).
Choose centred local local coordinates (y1, . . . , yn) and (x1, . . . , xn) around y and x
respectively (where n = dimY = dimX). So we have (x1, . . . , xn) = f(y1, . . . , yn)
and
f∗(dx1 ∧ . . . dxn) = det (J(f)) · dy1 ∧ . . . dyn
where J(f) is the Jacobian matrix of f . Then the discrepancy of D is the order of
vanishing of det (J(f)) along D. Since D ⊆ Exc f , f is not an isomorphism around
x, which implies that det (J(f)) vanishes and so that D is discrepant. 
Corollary 1.14. Let X be a normal Gorenstein variety and f : Y −→ X a reso-
lution. If f is crepant, then:
(1) X has canonical singularities;
(2) Exc f = f−1(SingX).
Proof. The first claim follows immediately from the definition of canonical singu-
larity.
For the second, observe that we always have f−1(SingX) ⊆ Exc f . So we assume
that Exc f * f−1(SingX) and get a contradiction. Let D be an irreducible com-
ponent of Exc f which is not contained in f−1(SingX). By Lemma 1.13, D is a
discrepant divisor and we are done. 
The previous Proposition shows that crepant resolutions are optimal in the sense
that their exceptional locus is as small as possible. The following proposition shows
that they are optimal also in the sense that they can not be factored through
a divisorial contraction and another resolution of the singularities. A divisorial
contraction or the contraction of the divisor D is a proper birational morphism
ϕ : X −→ X ′ such that Excϕ = D and ϕ(D) has codimension at least 2 in X ′.
Proposition 1.15. Let X be a normal Gorenstein variety, and assume that we
have a diagram
Y
f //
ϕ   
X
Y ′
f ′
>>
where f is a resolution, f ′ is a partial partial resolution and ϕ is the contraction of
a divisor D in Y . Then
(1) D ⊆ Exc f ;
(2) if f is crepant, then ϕ, f ′ are crepant and Y ′ has canonical singularities
along ϕ(D).
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Proof. Let y ∈ D and define y′ = ϕ(y). Then dimϕ−1(y′) > 1 since ϕ contracts
D, and f(ϕ−1(y′)) = f ′(y′) is a point. So f is not an isomorphism near f(y), i.e.
y ∈ Exc f , which proves that D ⊆ Exc f .
Assume that f is crepant, then we know that X has canonical singularities by
Corollary 1.14. So we can write
KY ′ = f
′∗KX +
∑
aiEi, ai ≥ 0
where the Ei’s are the exceptional divisors introduced by f
′. So
KY = ϕ
∗KY ′ + aD = f∗KW +
∑
aiϕ
∗Ei + aD.
We can write ϕ∗Ei = E˜i + biD, where E˜i is the strict transform of Ei in Y . But
then we have
KY = f
∗KX +
∑
aiE˜i +
(
a+
∑
aibi
)
D.
Since f is crepant, we deduce that ai = 0 for all i, hence that a = 0. This means
that both ϕ and f ′ are crepant. By Lemma 1.13 we deduce that Y ′ is not smooth
and has canonical singularities along ϕ(D). 
1.2.2. Crepant resolutions of threefolds with cDV singularities. In this Section we
recall a result by M. Reid on the structure of crepant partial resolutions of threefolds
with only cDV singularities. It will be used in the proof of Theorem 3.9.
Proposition 1.16 (cf. [Rei83, Thm. 1.14]). Let X be a threefold with cDV sin-
gularities, and let f : Y −→ X be a partial resolution. Then the following are
equivalent:
(1) f is crepant;
(2) dim f−1(P ) ≤ 1 for any P ∈ X, and f if crepant above the generic point
of any 1-dimensional component of SingX;
(3) for every x in X and every hypersurface H through x for which x ∈ H is a
Du Val singularity, H ′ = f−1(H) is normal and f|H′ : H
′ −→ H is crepant.
Thus the minimal resolution of x ∈ H factors through H ′.
2. Elliptic fibrations
In this Section we want to recall the basic definitions and tools concerning the
theory of elliptic fibrations. The theory of elliptic fibrations over a curve is well
understood, see e.g. [Kod60], [Kod63], [Mir89].
Definition 2.1. We say that a morphism pi : X −→ B between normal varieties is
an elliptic fibration over B if
(1) pi is a proper morphism with connected fibres;
(2) the generic fibre of pi is a smooth connected curve of genus 1;
(3) a section σ : B −→ X of pi is given, i.e. σ is a morphism such that pi ◦ σ =
idB .
We denote S = σ(B) the image of the section, and still call it a section.
Definition 2.2. Let pi : X −→ B be an elliptic fibration. If dimXb = 1 for all
b ∈ B (i.e. if every fibre is a curve), we say that pi is an equidimensional elliptic
fibration.
A large class of examples of equidimensional elliptic fibrations is provided by
Weierstrass fibrations.
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Definition 2.3 (cf. [Nak88, Def. 1.1]). A Weierstrass fibration p : W −→ B is a
fibration described in a P2-bundle over B of the form P(L⊗2⊕L⊗3⊕OB)(x:y:x) (for
some line bundle L on B) by a Weierstrass equation
(2.1) y2z = x3 + a4xz
2 + a6z
3, ai ∈ H0(B,L⊗i),
such that ∆(p) = 4a34 + 27a
2
6 does not vanish identically. We will refer to a Weier-
strass fibration, or to its total space, also as W (L; a4, a6).
Given two elliptic fibrations pi : X −→ B and pi′ : X ′ −→ B, a morphism (resp.
a rational map) of elliptic fibrations is a morphism f : X −→ X ′ (resp. a rational
map f : X 99K X ′) which is compatible with the fibrations, i.e. such that pi = pi′ ◦f
(resp. pi = pi′ ◦ f over the domain of f).
Exploiting the presence of the section there is a canonical way to associate to an
elliptic fibration pi : X −→ B a birationally equivalent Weierstrass fibration: this
is called the Weierstrass model of the fibration.
Proposition 2.4 (cf. [Nak88, Thm. 2.1 and its proof]). Let pi : X −→ B be a
smooth elliptic fibration with section s and let S = s(B). Let F = (pi∗i∗NS|X)−1,
where i : S ↪→ X is the inclusion. Then the canonical morphism pi∗pi∗OX(3S) −→
OX(3S) is surjective, and defines a proper birational morphism f : X −→ W ,
where W = W (F ; a4, a6) is a (possibly singular) Weierstrass fibration.
The line bundle F defined in Proposition 2.4 is called the fundamental line bundle
of the fibration. It is possible to show (see [Mir89, §II.4]) that
pi∗OX(3S) = F−2 ⊕F−3 ⊕OB .
and that F is intrinsic of the fibration and do not depend on the choice of the
section, since
F ' (R1pi∗OX)−1 .
Remark 2.5. We can describe the morphism f : X −→W as the contraction, in the
reducible fibres, of all the irreducible components which do not meet the section
(cf. [Nak88, Rmk. 2.8]).
Remark 2.6. Let pi : X −→ B be a smooth elliptic fibration. Then the morphism
f : X −→W to its Weierstrass model is a resolution of W .
Remark 2.7. As any hypersurface in a smooth ambient space, the Weierstrass model
W of an elliptic fibration is a Gorenstein variety (cf. Example 1.2). We can find this
fact also in [Nak88, p. 409], where there is also a formula for the dualizing sheaf of
p : W −→ B:
ωW = p
∗ (ωB ⊗F) .
Definition 2.8. The discriminant locus of an elliptic fibration pi : X −→ B is the
subset of B which parametrizes the singular fibres of pi:
∆(pi) = {b ∈ B|Xb is a singular curve} .
Remark 2.9. Let p : W −→ B be a Weierstrass fibration. Then we can describe
its discriminant by an equation, which is the usual discriminant of the Weierstrass
cubic polynomial (2.1):
∆(p) : 4a34 + 27a
2
6 = 0.
So ∆(p) is not only a subset of B, but also a subscheme.
Remark 2.10. Let pi : X −→ B be an elliptic fibration, with Weierstrass model
p : W −→ B. If Xb is a smooth elliptic curve then Wb is smooth, in fact in this
case Wb is the Weierstrass model of Xb. This implies that B r∆(pi) ⊆ B r∆(p),
or equivalently that ∆(p) ⊆ ∆(pi).
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Example 2.11. Let E = {v2w = u3 +αuw2 +βw3} ⊆ P2(u:v:w) be an elliptic curve
in Weierstrass form, with zero O = (0 : 1 : 0), and let B be a smooth surface. Define
W = B ×E ⊆ B × P2, the constant fibration with structure map p : W −→ B and
section S = B×{O}. Choose a smooth curve C ⊆ B and a point Q ∈ Er{O}, and
let f : X −→W be the blow up of W in C ×{Q}. Then pi = p ◦ f defines on X an
equidimensional elliptic fibration over B, whose section is the strict transform of S.
The fibre over P ∈ C is singular, as it is reducible: its irreducible components are
the strict transform of the curve WP and the rational curve introduced by the blow
up. The Weierstrass model of X is W , and in this example we have ∆(p) $ ∆(pi):
in fact ∆(p) is empty while ∆(pi) is the curve C.
As pointed out in Example 2.11, we can have elliptic fibrations whose discrimi-
nant is different from the discriminant of their Weierstrass model. However we can
avoid this effect if our original fibration is sufficiently close to its Weierstrass model.
Proposition 2.12. Let pi : X −→ B be a smooth elliptic fibration and f : X −→W
be the morphism to its Weierstrass model p : W −→ B. If Exc f = f−1(SingW ),
then ∆(pi) = ∆(p).
Proof. In view of Remark 2.10 we only need to show that ∆(pi) ⊆ ∆(p), or equiv-
alently that for any b ∈ B such that Wb is smooth, then Xb is smooth. But if
Wb is a smooth fibre, then Wb ⊆ W r SingW ' X r Exc f and so f induces an
isomorphism Xb 'Wb. 
3. Crepant resolutions of Weierstrass threefolds
In this Section we investigate the structure of the non-Kodaira fibres in a smooth
equidimensional elliptic threefold which is a crepant resolution of its Weierstrass
model. Before going deep into the subject we want to give some reasons why this
class of fibrations is interesting to study, so we take a little detour to the theory of
elliptic surfaces.
Let pi : X −→ B be a smooth elliptic surface. The following well known definition
is due to Kodaira.
Definition 3.1 (cf. [Kod63, p. 564]). Let pi : X −→ B be a smooth elliptic surface.
We say that it is minimal elliptic if no fibre of pi contains a (−1)-curve of X.
Being minimal for an elliptic surface is crucial to obtain a classification of the
possible singular fibres that can occur: without that assumption, we can blow up
points on the surface and obtain in this way many and many different singular fibres.
It is then important to restrict ourselves to a suitable class of elliptic fibrations if
we have in mind classificatory purposes. In the case of surfaces, [Kod63, Thm.
6.2] gives a complete classification of all the possible singular fibres of a smooth
minimal elliptic surface, which we call singular fibres of Kodaira type or simply
Kodaira fibres.
The following Proposition is important since it provides a clear link between
minimal elliptic surfaces and their Weierstrass models.
Proposition 3.2 (cf. [Mir89, Prop. III.3.2]). Let p : W = W (L; a4, a6) −→ B be a
Weierstrass fibration over the curve B. Then the following are equivalent:
(1) W is the Weierstrass model of a smooth minimal elliptic surface;
(2) W has only Du Val singularities;
(3) there is no point b ∈ B such that{
multb a4 ≥ 4
multb a6 ≥ 6.
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In the hypothesis of the above Proposition, if we assume that W is the Weier-
strass model of some smooth elliptic surface pi : X −→ B, then that surface is in
fact the unique smooth minimal elliptic surface having W as Weierstrass model. By
the Proposition, such W has Du Val singularities, and pi is defined by the minimal
resolution f : X −→ W of W , which is crepant (see Example 1.6). Moreover, any
smooth minimal elliptic surface can be described in this way.
Remark 3.3. It follows from this description that we can define equivalently a
smooth minimal elliptic surface as an elliptic surface which is the crepant resolution
of a Weierstrass fibration having only Du Val singularities.
We adopt this as a starting point for our analysis of threefolds.
Let pi : X −→ B be a smooth elliptic threefold. Then the morphism to the
Weierstrass model f : X −→W is a resolution ofW . We want to use such morphism
as a “measure” of the complexity of the original fibration: for the simplest one,
which should be closer to their Weierstrass model, we can make some attempt to
classify their non-Kodaira fibres.
Here is another reason why we are interested in crepant resolutions and in their
properties. One way to produce smooth elliptic threefolds is to start with a singular
Weierstrass fibration and then desingularize it. In this process one generally tries
to keep the desingularization as similar as possible as the Weierstrass fibration he
started with: it is usual to look for crepant resolutions. This is important especially
in F -theory, where one starts with a singular Calabi–Yau Weierstrass fibration, and
look for a resolution whose total space is still a Calabi–Yau variety.
As we saw in Example 2.11, an elliptic fibration can be very different from its
Weierstrass model simply because the first can have a discriminant locus which
is more complicated than the discriminant locus of the Weierstrass model. The
following Lemma (which holds in any dimension, not only in the case of threefolds)
shows that an elliptic fibration which is a crepant resolution of its Weierstrass model
is not too far from it in the sense that they have the same discriminant.
Lemma 3.4. Let pi : X −→ B be a smooth elliptic fibration, with Weierstrass
model p : W −→ B. If the morphism to the Weierstrass model f : X −→ W is
crepant, then ∆(pi) = ∆(p).
Proof. The result easily follows from Corollary 1.14 and Proposition 2.12. 
Assume that W = W (L; a4, a6) is a Weierstrass fibration with W a threefold.
If we have some control on the coefficients a4 and a6, we can ensure that W has
rational Gorenstein singuarities.
Lemma 3.5 (cf. [Nak88, Lemma 3.6]). Let p : W = W (L; a4, a6) −→ B be a
Weierstrass fibration over a smooth surface B. If multb a4 ≤ 3 or multb a6 ≤ 5 for
any b ∈ B, then W has rational Gorenstein singuarities.
Lemma 3.6. Let p : W = W (L; a4, a6) −→ B be a Weierstrass fibration over
a smooth surface B. If W has only cDV singularities, then multb a4 ≤ 3 or
multb a6 ≤ 5 for any b ∈ B.
Proof. First of all, observe that W has rational Gorenstein singularities. Assume
that there is a point b ∈ B such that{
multb a4 ≥ 4
multb a6 ≥ 6.
So we can find local coordinates (s, t) around b such that a (local) equation for W
is given by
y2 = x3 + a4(s, t)x+ a6(s, t)
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where a4 and a6 are sums of monomials of degree at least 4 and 6 respectively.
By Proposition 1.9, this is the canonical form of a rational Gorenstein threefold
singularity with invariant k = 1. Since these singularities are not cDV , we get a
contradiction. 
We begin to study the link between Weierstrass fibrations and equidimensional
elliptic threefolds. If pi : X −→ B is a smooth equidimensional elliptic fibration,
then we have a full control on the singularities of its Weierstrass model W .
Lemma 3.7. Let p : W = W (L; a4, a6) −→ B be a Weierstrass fibration over
a smooth surface B. Assume that W has a resolution f : X −→ W such that
dim f−1(w) ≤ 1 for every w ∈W . Then the following conditions are equivalent:
(1) W has cDV singularities.
(2) multb a4 ≤ 3 or multb a6 ≤ 5 for any b ∈ B.
(3) W has rational Gorenstein singularities.
Proof. (1) =⇒ (2) is Lemma 3.6.
(2) =⇒ (3) is Lemma 3.5.
(3) =⇒ (1) follows from Proposition 1.12. 
Remark 3.8. In particular, we can apply Lemma 3.7 when W is the Weierstrass
model of a smooth equidimensional elliptic threefold, and in this case the class of
canonical singularities coincides with the one of cDV singularities.
We are now ready to prove our main Theorem.
Theorem 3.9. Let pi : X −→ B be a smooth equidimensional elliptic threefold,
with morphism to the Weierstrass model f : X −→W . If f is a crepant resolution
of W , then
(1) W has cDV singularities;
(2) f can not be factored as
X
ϕ   
f // W
X ′
f ′
==
where ϕ is the contraction of some divisor D ⊆ X and X ′ is smooth;
(3) if Xb is a non-Kodaira fibre, then b ∈ Sing(∆(pi)red);
(4) if Xb is a non-Kodaira fibre, then Xb is a contraction of a Kodaira fibre,
whose type can be determined by Tate’s algorithm.
Proof. Since f is crepant, W has canonical singularities by Corollary 1.14. These
singularities are cDV by Remark 3.8.
The second assertion follows directly from Proposition 1.15.
We will now prove the last two statements. Observe that by Lemma 3.4, pi and
p have the same discriminant, so we consider ∆(pi) = ∆(p) also as subschemes of
B. Let Q ∈ ∆(pi) be generic, meaning that Q is a smooth point for the reduced
discriminant (∆(pi))red, and let C be a (local) curve through Q which is smooth at
Q. For the generic C (i.e. meeting (∆(pi))red transversally) we have that
(1) X|C = pi
−1(C) is a smooth elliptic surface;
(2) W|C = p
−1(C) is a Weierstrass surface with Du Val singularities;
(3) f|C : X|C −→W|C is the morphism to the Weierstrass model.
By Proposition 1.16, f|C factors the minimal resolution of W|C , and since X|C
is smooth we deduce that f|C coincides with the minimal resolution of W|C . This
means that X|C is a smooth minimal elliptic surface. Hence, over the smooth points
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of (∆(pi))red the corresponding fibre is a Kodaira fibre. So the non-Kodaira fibres
are located over the singular points of (∆(pi))red.
Let b ∈ Sing((∆(pi))red) be a point such that Xb is of non-Kodaira type, and
consider a curve C through b such that multb a4|C ≤ 3 or multb a6|C ≤ 5 (in fact
the generic C will work). By Proposition 1.16, X|C −→ W|C factors the minimal
resolution of W|C and so Xb is the contraction of a Kodaira fibre, whose type can
be predicted by Tate’s algorithm. 
The second statement in Theorem 3.9 is interesting, since it tells us that the
smooth equidimensional elliptic fibrations which are crepant resolutions of their
Weierstrass models are close to the Weierstrass model also in another weaker sense.
Assume that f : X −→ X ′ is a birational morphism of smooth projective varieties.
Then its exceptional locus is of pure codimension 1 (cf. [Kaw84, Prop. 5.8] or [Deb01,
§1.40]). So, if we have a smooth elliptic fibration pi : X −→ B then part (2) of
Theorem 3.9 says that we can not simplify our X by means of some divisorial
contraction to get a new smooth elliptic fibration pi′ : X ′ −→ B (where pi′ = p ◦ f ′)
with the same Weierstrass model W as X.
4. Examples and non-examples
In this Section we give some examples of elliptic threefolds with non-Kodaira
fibres, and show that they are contracions of Kodaira fibres, as stated in Theo-
rem 3.9.
In Example 4.2 and Example 4.4 we will construct explicitly some of these fibres,
which are the contraction of fibres of Kodaira type I∗0 and I
∗
1 respectively, and in
both cases it is possible to check that the morphism to the Weierstrass model is
crepant. In Example 4.9 we will show that some configurations of curves can not ap-
pear as fibre of a smooth equidimensional elliptic threefold for which the morphism
to the Weierstrass model is crepant. Example 4.10 is devoted to the construction of
a crepant resolution of a Weierstrass fibration which does not satisfy the condition
(4.1) multb a4 ≤ 3 or multb a6 ≤ 5 for all b ∈ B.
As we will see, the resolution will not be an equidimensional elliptic fibration.
Example 4.1. One of the first papers where non-Kodaira fibres appeared is [Mir83],
that article is in fact devoted to an explicit desingularization of certain Weierstrass
threefolds. The method described there allows one to blow up the base, in order
to deal with a simpler fibration (e.g. one can blow up the base surface until the
discriminant curve has only normal crossing). With this freedom, the classification
of the non-Kodaira fibres in the paper is compete, and in [Mir83, §14] there is the
observation that all the non-Kodaira fibres found in this way are contracion of the
right Kodaira fibre, in agreement with Theorem 3.9.
Example 4.2 (cf. [CCvG11, §2]). Let Z be the projective bundle P(OP2(3)⊕OP2⊕
OP2) over P2 and consider the hypersurface
(4.2) X : x2y + fy3 + g(y2z + z3) = 0,
where (x : y : z) are coordinates in the fibres and f , g are homogeneous sextic
polynomials defining smooth plane sextics intersecting transversally in 36 distinct
points. Then X is a smooth variety, and restricting to X the bundle projection we
get an elliptic fibration over P2, with section σ given by P 7−→ (1 : 0 : 0) ∈ XP .
The discriminant of the family is the curve
∆ : g4(27f2 + 4g2) = g4(2g + 3
√−3f)(2g − 3√−3f) = 0;
over the curve g = 0 the fibre is of Kodaira type IV , while over each of the curves
2g ± 3√−3f = 0 we have nodal cubics. Over the 36 points where f = g = 0, the
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fibre has equation x2y = 0 and so consists of two concurring lines, one of which
with multiplicity 2 and so this fibre is not of Kodaira type. A picture of the singular
fibres of this fibration is in Figure 1.
Figure 1. The singular fibres of the fibration (4.2).
Around each point where f = g = 0 there is a suitable neighbourhood where
f and g give local centred coordinates. In such a neighbourhood, we choose a
generic line through the origin, say g = λf , and define Xλ to be the restriction
of the fibration to this line. By Tate’s algorithm, the fibre we expect over f = 0
is of Kodaira type I∗0 : the fibre of the threefold is a contraction of such fibre, in
agreement with Theorem 3.9. In Figure 2 it’s possible to see which components
have been contracted.
Figure 2. On the left a I∗0 fibre, and on the right the non-Kodaira
fibre of fibration (4.2). The circled components are blown down:
they are the multiplicity 1 components which do not meet the
section.
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Remark 4.3. Observe that for different values of the parameter λ, the three singular
points in the central fibre of Xλ change coordinates. As a consequence these points,
which are singular only for some values of λ, are smooth points for the threefold.
In Example 4.2, a point of the multiplicity 2 component of the non-Kodaira fibres
is a smooth point for the elliptic surface obtained by restriction to the generic curve
through the points where f = g = 0. As observed in Remark 4.3, this is enough to
ensure that the threefold is smooth at those points. The next example will show
that this condition is not necessary.
Example 4.4. Consider in P(OP2(4)⊕OP2(6)⊕OP2) the fibration in Weierstrass
form
(4.3) W : y2z = x3 − 1
3
t2xz2 +
(
s4 +
2
27
t3
)
z3,
where s = 0 and t = 0 define a smooth cubic and a smooth quartic respectively,
with transverse intersection in 12 distinct points. The discriminant of this fibration
is
∆ = s4(27s4 + 4t3)
and so by Tate’s algorithm we expect that a resolution pi : X −→ P2 of W has
(1) I4 fibres over the line s = 0.
(2) I1 fibres over 27s
4 + 4t3 = 0.
The curve s = x = y = 0 is singular for the threefold W , hence we blow it up. The
effect is that over s = 0 instead of nodal cubics now we have triangles, with one of
the vertices which is still singular for the whole variety. After a second blow up of
this curve of singular points we have a smooth threefold with I4 fibres over s = 0,
as expected. Observe that the exceptional divisors we introduce in this way are
crepant. The fibre over the points where s = 0 and t = 0 meet are of non-Kodaira
type, and we have a picture of this fibres in Figure 3.
Figure 3. The singular fibres of the resolution of (4.3).
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We want now to give a local description of the fibration around a point over
which we have the new fibres, and in a suitable neighbourhood of such points local
coordinates are given by s and t. Let Xλ be the restriction of the fibration to the
generic line through the origin, i.e. t = λs. By Tate’s algorithm on this elliptic
surface Xλ, we should have over the origin a fibre of Kodaira type I
∗
1 : what we see
is not the whole fibre but a contraction of it (Figure 4).
Figure 4. On the left a I∗1 fibre, and on the right the non-Kodaira
fibre on the resolution of (4.3). The circled components are con-
tracted.
This example is interesting also for the following reason. The surface Xλ is
singular over s = 0, since we do not have a Kodaira fibre, and so there are singular
points whose coordinates are expected to depend on λ. In fact there are always
two singular points: one of them is on the multiplicity two component of the non-
Kodaira fibre and its coordinates depend on λ, while the second is the point of the
fibre where the multiplicity 2 component of the I∗1 fibre was blown down. This last
has coordinates independent of λ, but nevertheless the threefold is smooth at this
point.
Example 4.5. The fibration described in Example 4.4 fits in a more general class
of examples, which also show that (4.1) gives a necessary condition for a Weier-
strass fibration to be the Weierstrass model of some smooth equidimensional elliptic
threefold (according to Lemma 3.7), but that this condition is far from being suffi-
cient.
Consider the local elliptic fibration
y2z = x3 + tmx2z + snz3, m, n ≥ 1,
in U × P2, where U is a neighbourhood of the origin in A2(s,t), while (x : y : z) are
coordinates in the fibre P2.
We can put the equation in Weierstrass form, obtaining the standard equation
y2z = x3 + a4xz
2 + a6z
3 with
a4 = − 13 t2m,
a6 = s
n + 227 t
3m;
and so the discriminant locus of the family is
∆ : sn(27sn + 4t3m) = 0.
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By Lemma 3.7, not for every pair (m,n) the corresponding variety can be the
Weierstrass model of an equidimensional elliptic fibration. We have to exclude all
the cases with {
2m ≥ 4
min(n, 3m) ≥ 6 −→
{
m ≥ 2
n ≥ 6.
Remark 4.6. The fibration described in Example 4.4 corresponds to (m,n) = (1, 4).
Remark 4.7. All the cases with (m,n) = (m, 1) are smooth, and the origin is a
point of the discriminant where the two components meet with arbitrarily large
multiplicity.
Remark 4.8. Consider the cases with (m,n) = (m, 3) and m ≥ 2. After one blow
up in the singular locus, we obtain a variety which is still singular in three points,
where each singularity is locally isomorphic to
y2 = x2 + s2 + tm.
As pointed out in [Rei83, Cor. 1.16], these singularities are cDV and admit a
small resolution if and only if m is even. This means that not every Weierstrass
fibration satisfying the condition (4.1) is actually the Weierstrass model of a smooth
equidimensional elliptic fibration.
Example 4.9. We now want to show that not every singular curve of arithmetic
genus 1 can be a fibre in a smooth equidimensional elliptic threefold.
Let F be the curve defined in P3 by the equations x0x3 = 0x1x3 = 0
x21x2 = x
3
0.
This curve has two irreducible components: a plane cuspidal cubic and a non-
coplanar line passing through the cusp (Figure 5).
Figure 5. The fibre F .
Such a curve is not of Kodaira type and so there is no elliptic surface having it
as fibre. We could deduce this fact also from the following observation: the tangent
space to the singular point of F has dimension 3, so we need at least an elliptic
threefold to have a smooth total space having F among its fibres. However, we can
not obtain F as a contraction of a Kodaira fibre, and so no smooth equidimensional
elliptic threefold for which the morphism to the Weierstrass model is crepant can
have such a singular fibre.
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Example 4.10. In this Example we want to show how we can explicitly resolve
the Weierstrass fibration defined by the equation
W : y2 = x3 + s4x+ t6,
which defines a threefold in A4(s,t,x,y) with an isolated singularity at the origin.
This singularity is rational Gorenstein, but not of cDV -type by Proposition 1.9.
The resolution we are going to show is described also in [Rei80, Thm. 2.11] and
introduces a crepant exceptional divisor over the singular point. By [KM98, Thm.
5.35], this singularity has no small resolutions.
Consider in A4(s,t,x,y) × P(1,1,2,3)(S:T :X:Y ) the subvariety V of dimension 4 defined by
V =
{
((s, t, x, y), (S : T : X : Y ))
∣∣∣∣ (s, t, x, y) 6= (0, 0, 0, 0),(s : t : x : y) = (S : T : X : Y )
}
,
and let β be the restriction to V of the projection on A4. Then
(1) The fibre over a point (s, t, x, y) 6= (0, 0, 0, 0) is the point ((s, t, x, y), (s : t :
x : y)).
(2) The fibre over (0, 0, 0, 0) is P(1,1,2,3).
Then V is a sort of weighted blow up of A4 at the origin (cf. [Rei80, §4], where it
is called the α-blow up of A4), and we claim that the strict transform W˜ of W in
V is a crepant resolution of the singularities of W , which introduces a divisor over
the singular point.
There is a nice description of V using toric geometry. The affine space A4 is the
toric variety associated to the cone Cone(e1, e2, e3, e4) ⊆ R4, where the ei’s are the
standard base vectors. We consider the vector α = (1, 1, 2, 3) and define the fan Σ
whose maximal cones are
Cone(e1, e2, e3, α), Cone(e1, e2, e4, α), Cone(e1, e3, e4, α), Cone(e2, e3, e4, α) :
then V is the toric variety associated to the fan Σ, and Σ ↪→ Cone(e1, e2, e3, e4)
gives the projection V −→ A4. From this toric picture, we can also describe V as
a quotient space: we have that
V =
(
A5(S,T,X,Y,w) r {S = T = X = Y = 0}
)
/ ∼
where ∼ is the equivalence relation induced by the action of C∗ on A5 r {S = T =
X = Y = 0}
λ · (S, T,X, Y,w) = (λS, λT, λ2X,λ3Y, λ−1w).
Using the global homogeneous toric coordinates (S : T : X : Y : w) on V , the
projection on A4 is
(S : T : X : Y : w) 7−→ (s, t, x, y) = (Sw, Tw,Xw2, Y w3)
and so we see that over a point (s, t, x, y) 6= 0 there is only the point (s : t : x : y : 1),
while over (0, 0, 0, 0) we have the divisor w = 0 in V , which is isomorphic to the
weighted projective space P(1,1,2,3).
We want now to give a description of β : W˜ −→W in local coordinates on V : from
the quotient description we have that V is covered by four local charts, correspond-
ing to the open subsets where S, respectively T , X, Y , are non-zero.
Chart S 6= 0 This affine chart is smooth, and the projection to A4 is
(4.4) (T,X, Y,w) 7−→ (s, t, x, y) = (w, Tw,Xw2, Y w3) :
the strict transform W˜ of W via (4.4) is then
W˜ : Y 2 = X3 +X + T 6,
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which is smooth. Observe that we have
ds = dw
dt = wdT + Tdw
dx = w2dX + 2wXdw
dy = w3dY + 3w2Y dw
and so the pull back of the residue
−ds ∧ dt ∧ dx
2y
,
which generates ωW , is the 3-form
−dT ∧ dX ∧ dw
2Y
.
This last is a generator for ω
W˜
, and so (4.4) is crepant. To conclude that
β : W˜ −→W is crepant we only need to show that W˜ is smooth, since the
part of W˜ which is not described in this chart is of codimension 2.
Chart T 6= 0 This affine chart is completely analogous to the previous one.
Chart X 6= 0 This affine chart is singular, in fact it is isomorphic to the quotient of A4
by the action
(S, T, Y, w) 7−→ (±S,±T,±Y,±w).
The projection to A4 is
(S, T, Y, w) 7−→ (Sw, Tw,w2, Y w3)
and so W˜ is defined in this chart by
W˜ : Y 2 = 1 + S4 + T 6,
which does not pass through the singular point of the chart, and is in fact
smooth.
Chart Y 6= 0 Also this affine chart is singular, and it is isomorphic to the quotient of A4
by the action
(S, T,X,w) 7−→ (ζ23S, ζ23T, ζ3X, ζ3w), ζ33 = 1, ζ3 6= 1.
The projection to A4 is
(S, T,X,w) 7−→ (Sw, Tw,w2X,w3)
and so W˜ is defined in this chart by
W˜ : 1 = X3 + S4X + T 6,
which does not pass through the singular point of the chart, and is in fact
smooth.
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